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EMBEDDINGS OF P (ω)/Fin INTO BOREL EQUIVALENCE
RELATIONS BETWEEN ℓp AND ℓq
ZHI YIN
Abstract. We prove that, for 1 ≤ p < q < ∞, the partially ordered set
P (ω)/Fin can be embedded into Borel equivalence relations between Rω/ℓp
and Rω/ℓq. Since there is an antichain of size continuum in P (ω)/Fin, therefore
there are continuum many incomparable Borel equivalence relations between
Rω/ℓp and Rω/ℓq.
1. Introduction
A topological space is Polish if it is separable and completely metrizable. Let
X, Y be Polish spaces and E, F equivalence relations on X,Y respectively. If
there is a Borel map θ : X → Y such that
xEy ⇐⇒ θ(x)Fθ(y)
for all x, y ∈ X , we say that E is Borel reducible to F , denoted E ≤B F . If E ≤B F
but F B E, we say E is strictly Borel reducible to F , denoted E <B F . If E ≤B F
and F ≤B E , we say E and F are Borel equivalent to each other, denoted E ∼B F .
If E B F and F B E, we say E and F are Borel incomparable. For more details
about Borel reduction, one can see [10].
Dougherty and Hjorth [7] showed that, for 1 ≤ p < q < ∞, Rω/ℓp <B Rω/ℓq.
For 0 < p ≤ 1, Rω/ℓp ∼B Rω/ℓ1, a proof of it can be found in [3]. All of ℓp(p ≥ 1)
are Borel reducible to Rω/ℓ∞ by Rosendal [13].
A question of Gao [9] asking whether for 1 ≤ p < ∞, Rω/ℓp is the greatest
lower bound of {Rω/ℓq : p < q}. Let f : [0, 1] → R+ be an arbitrary function,
Ma´trai [12] considered a kind of ℓp-like relation Ef ’s on [0, 1]
ω by setting, for every
(xn)n<ω, (yn)n<ω ∈ [0, 1]
ω,
(xn)Ef (yn)⇐⇒
∑
n<ω
f(|yn − xn|) <∞.
He studied the Borel reducibility of Borel equivalence relations of the form Ef , and
answer Gao’s question in the negative by showing, for 1 ≤ p < q <∞, every linear
subset of P (ω)/Fin can be embedded into the set of equivalence relations between
Rω/ℓp and Rω/ℓq(See [12], Corollary 31).
Another kind of ℓp-like equivalence relations was introduced by Ding [5]. Let
(Xn, dn), n < ω be sequence of pseudo-metric spaces and p ≥ 1. For x, y ∈∏
n<ωXn, (x, y) ∈ E((Xn, dn)n<ω; p) ⇔
∑
n<ω dn(x(n), y(n))
p < ∞. He showed
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that Borel reducibility between E((Xn)n<ω; p) equivalence relations is related to a
notion of “finitely Ho¨lder(α) embeddability”. If X is a separable Banach space with
norm ‖ · ‖X and (Xn, dn) = (X, ‖ · ‖X) for each n < ω, denoted E((Xn, dn)n<ω; p)
by E(X, p), he presented many results on reducibility and nonreducibility between
E(Lr, p)’s and E(c0, p)’s for r, p ∈ [1,∞). For more details, see [4].
A well-known theorem of Parovicˇenko (see e.g. [2]) says that, every Boolean
algebra of size ≤ ω1 embeds into P (ω)/Fin. So assuming CH (the continuum
hypothesis), every Boolean algebra of size at most continuum can be embedded
into P (ω)/Fin, therefore every partially ordered set of size at most continuum
can be embedded into P (ω)/Fin, this indicates P (ω)/Fin is the most complicated
partially ordered set of size at most continuum. What happens if CH fails? We
refer to [1] for more results. Anyway, we know that there is an antichain of size
continuum in P (ω)/Fin under ZFC.
In [8], Farah introduced a family of Borel equivalence relations called c0-equalities.
Using a method from Louveau–Velickovic [11], he proved that P (ω)/Fin can be em-
bedded into c0-equalities. It follows that there are continuum many Borel incom-
parable equivalence relations among them. On the other hand, we can see that all
equivalence relations considered in [12] are pairwise Borel comparable. By contrast,
for 1 ≤ p < q <∞, several questions arise naturally:
(i) Are there continuum many Borel incomparable equivalence relations be-
tween Rω/ℓp and Rω/ℓq?
(ii) Does P (ω)/Fin can be embedded into equivalence relations between Rω/ℓp
and Rω/ℓq?
We show that the answer for question (ii) is affirmative. In fact, we give a more
stronger result.
Theorem 1.1. For 1 ≤ p <∞ and U ∈ P (ω), there is a Borel equivalence relation
EU such that for any q > p, Rω/ℓp ≤B EU ≤B Rω/ℓq and for U, V ∈ P (ω), we
have
U ⊆∗ V ⇐⇒ EU ≤B EV .
Since there is an antichain of size continuum in P (ω)/Fin, we have the following
corollary:
Corollary 1.2. For 1 ≤ p < q <∞, there is a set of Borel equivalence relations
{Eξ : ξ ∈ {0, 1}
ω}
such that Rω/ℓp ≤B Eξ ≤B Rω/ℓq, and for distinct ξ, ζ ∈ {0, 1}ω, we have Eξ and
Eζ are Borel incomparable.
Notions. Denote R+ the set of nonnegative real numbers and Idα the function
xα(x ∈ [0, 1]). Fin stands for the collection of all finite sets of ω. For U, V ∈ P (ω),
we use U ⊆∗ V to denote U\V ∈ Fin.
2. Equivalence of functions and sequences
Let f, g be two functions on R and D ⊆ R, we say f and g are equivalent on D if
there is a constant C ≥ 1 such that g(x)/C ≤ f(x) ≤ Cg(x) for every x ∈ D, denote
by (f(x))x∈D ≈ (g(x))x∈D. Similarly, if (un)n<ω, (vn)n<ω are two sequences on R
and U ∈ P (ω), we say (un)n<ω, (vn)n<ω are equivalent on U if there is a constant
C ≥ 1 such that un/C ≤ vn ≤ Cun for each n ∈ U , denoted (un)n∈U ≈ (vn)n∈U .
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In many cases, equivalence of functions and equivalence of sequences are related, we
will give two propositions to illustrate this relationship, and we need the concept
of essentially increasing function firstly.
The definition of essentially increasing function can be found in [12]. Let D ⊆ R
and f : D → R be a function. We say f is essentially increasing on D if for
some C ≥ 1, ∀x, y ∈ D(x ≤ y ⇒ f(x) ≤ Cf(y)). Equivalently, f is essentially
increasing on D if and only if there is an increasing function g on D such that
(f(x))x∈D ≈ (g(x))x∈D. In fact, if f is an essentially increasing function on D, we
set g : D → R, g(x) = sup{f(y) : y ≤ x}. It is easy to see that g satisfies the
requirements.
Proposition 2.1. Let f be an essentially increasing function on [0, 1] and (xn)n<ω
a decreasing sequence on [0, 1] with x0 = 1 and limn→∞ xn = 0. Assume there exists
δ > 0 such that for each n < ω, f(xn+1) ≥ δf(xn). Let g be a function on [0, 1],
and there exists K ≥ 1 such that for each n < ω and x ∈ [xn+1, xn], we have
min{g(xn+1), g(xn)}/K ≤ g(x) ≤ Kmax{g(xn+1), g(xn)}.
If (f(xn))n<ω ≈ (g(xn))n<ω, then (f(x))x∈(0,1] ≈ (g(x))x∈(0,1].
Proof. By assumption, we can select C1 ≥ 1 such that for each n < ω and 0 ≤ x ≤
y ≤ 1,
f(xn)/C1 ≤ g(xn) ≤ C1f(xn), f(x) ≤ C1f(y).
Then for each m ≤ n < ω,
g(xm) ≥ f(xm)/C1 ≥ f(xn)/(C1)
2 ≥ g(xn)/(C1)
3,
g(xn+1) ≥ f(xn+1)/C1 ≥ δ/C1 · f(xn) ≥ δ/(C1)
2 · g(xn).
We show g is essentially increasing on (0, 1]. Let C2 = max{K2(C1)3,K2(C1)2/δ}.
If 0 ≤ x ≤ y ≤ 1, then there are m ≤ n < ω such that x ∈ [xn+1, xn] and
y ∈ [xm+1, xm].
If n > m, then
g(x) ≤ Kmax{g(xn+1), g(xn)}
≤ K(C1)
3 min{g(xm+1), g(xm)} ≤ K
2(C1)
3g(y) ≤ C2g(y).
If n = m, then
g(x) ≤ Kmax{g(xn+1), g(xn)}
≤ C2/K ·min{g(xm+1), g(xm)} ≤ C2g(y).
For x > 0, there is m < ω with x ∈ [xm+1, xm], therefore
g(x) ≥ g(xm+1)/C2 ≥ f(xm+1)/(C1C2)
≥ δf(xm)/(C1C2) ≥ δ/((C1)
2C2) · f(x),
similarly, we have g(x) ≤ (C1)
2C2/δ · f(x), therefore (f(x))x∈(0,1] ≈ (g(x))x∈(0,1].

Proposition 2.2. Let α > 1 and (xn)n<ω be a sequence on (0, 1) with xn+1 = x
α
n
for each n < ω. Suppose ϕ : [0, 1] → R+ is essentially increasing on [0, 1] with
ϕ(x0) > 0. If there is λ > 0 such that ϕ(xn+1) ≥ λϕ(xn) for each n < ω, then
(ϕ(x))x∈[0,1] ≈ (ϕ(x
α))x∈[0,1].
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Proof. Let ψ : [0, 1]→ R+ be an increasing function with (ϕ(x))x∈[0,1] ≈ (ψ(x))x∈[0,1],
then there is K ≥ 1 such that ϕ(x)/K ≤ ψ(x) ≤ Kϕ(x). For each n < ω,
ψ(xn+1) ≥ ϕ(xn+1)/K ≥ λ/K · ϕ(xn) ≥ λ/K
2 · ψ(xn).
Since ϕ(x0) > 0 and ϕ(x) is essentially increasing on [0, 1] with ϕ(xn+1) ≥
λϕ(xn) for each n < ω, we have ϕ(x) > 0 for x > 0, therefore ψ(x) > 0 for x > 0.
Set x−1 = 1, if x > 0, then x ∈ [xm+1, xm] for some m ∈ ω ∪ {−1}.
If m = −1, then
ψ(xα) ≥ ψ(x1) ≥ ψ(x)ψ(x1)/ψ(1).
If m ≥ 0, then
ψ(xα) ≥ ψ(xm+2) ≥ λ/K
2 · ψ(xm+1)
≥ λ2/K4 · ψ(xm) ≥ λ
2/K4 · ψ(x).
Let C = max{((K2ψ(1))/ψ(x1),K6/λ2} > 0, then for each x ∈ [0, 1], ψ(xα) ≥
K2/C · ψ(x), hence ϕ(xα) ≥ ϕ(x)/C. Note that for each x ∈ [0, 1],
ϕ(xα) ≤ Kψ(xα) ≤ Kψ(x) ≤ K2ϕ(x) ≤ Cϕ(x).
Therefore, (ϕ(x))x∈[0,1] ≈ (ϕ(x
α))x∈[0,1]. 
Specially, we have the following corollary.
Corollary 2.3. Let ϕ : [0, 1] → R+ be an essentially increasing function with
ϕ(1/2) > 0. If there is λ > 0 such that ϕ(1/22n) ≥ λϕ(1/2n) for each n < ω, then
(ϕ(x))x∈[0,1] ≈ (ϕ(x
2))x∈[0,1].
Proof. Let x0 = 1/2 and xn+1 = x
2
n for n < ω, then xn = 1/2
2n for each n < ω,
therefore
ϕ(xn+1) = ϕ(1/2
2n+1) ≥ λϕ(1/22
n
) = λϕ(xn).
By Proposition 2.2, we get the conclusion. 
3. Ef equivalence relations
Let f : [0, 1]→ R+ be an arbitrary function, Ma´trai [12] defined the relation Ef
on [0, 1]ω by setting, for every (xn)n<ω, (yn)n<ω ∈ [0, 1]ω,
(xn)Ef (yn)⇐⇒
∑
n<ω
f(|yn − xn|) <∞.
It is straightforward that Ef is a Borel relation whenever f is Borel. If f, g : [0, 1]→
R+ satisfying (f(x))x∈[0,1] ≈ (g(x))x∈[0,1], then Ef = Eg.
For 0 < p < ∞, it is well known that Rω/ℓp and [0, 1]ω/ℓp = EIdp are Borel
equivalent, so we can assume that Rω/ℓp belongs to the Ef ’s.
The following proposition answers when Ef is an equivalence relation.
Proposition 3.1 (Ma´trai [12], Proposition 2). Let f : [0, 1] → R+ be a bounded
function. Then Ef is an equivalence relation if and only if the following conditions
hold:
(R1) f(0) = 0;
(R2) there is a C ≥ 1 such that for every x, y ∈ [0, 1] with x+ y ∈ [0, 1],
f(x+ y) ≤ C(f(x) + f(y)),
f(x) ≤ C(f(x+ y) + f(y)).
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A nonreducibility result was obtained for a wider class of Ef ’s in [12] as follows.
Theorem 3.2 (Ma´trai [12], Theorem 18). Let 1 ≤ α <∞ and let ϕ, ψ : [0, 1]→ R+
be continuous functions. Set f(x) = xαϕ(x), g(x) = xαψ(x) for x ∈ [0, 1] and
suppose that f, g are bounded and Ef and Eg are equivalence relations. Suppose
ψ(x) > 0(x > 0), and
(A1) there exists ε > 0,M < ω such that for every n > M and x, y ∈ [0, 1],
ϕ(x) ≤ εϕ(y)ϕ(1/2n)⇒ x ≤
y
2n+1
;
(A2) limn→∞ ψ(1/2
n)/ϕ(1/2n) = 0.
Then Eg B Ef .
In fact, we may replace condition (A2) in the theorem by
(A2)
′ lim infn→∞ ψ(1/2
n)/ϕ(1/2n) = 0.
Actually, if we select a sequence (nk)k<ω such that limk→∞ ψ(1/2
nk)/ϕ(1/2nk) =
0 and modify Zk in the proof of Theorem 18 of [12] by Zk = {i/2nk , 0 ≤ i ≤ 2nk},
we can check the proof is still valid under condition (A2)
′, the proof is almost word
for word, a copy of the proof of Theorem 18. If there is no confusion, we may say a
function satisfies condition (A2)
′ in Theorem 3.2 instead of satisfying condition (A2)
in Theorem 3.2. In this paper, condition (A2)
′ is the key to prove incomparability
between equivalence relations.
To satisfy (A1), we give the following lemma:
Lemma 3.3. Let α ≥ 1 and ϕ : [0, 1] → R+ be an essentially increasing function
with ϕ(1/2) > 0. Set f(x) = xαϕ(x) for x ∈ [0, 1]. If there exists δ > 0 such
that for each n < ω, ϕ(1/22n) ≥ δϕ(1/2n), then Ef is an equivalence relation and
condition (A1) in Theorem 3.2 holds.
Proof. Let ψ : [0, 1]→ R+ be an increasing function with (ϕ(x))x∈[0,1] ≈ (ψ(x))x∈[0,1],
then there is K ≥ 1 such that ϕ(x)/K ≤ ψ(x) ≤ Kϕ(x) for x ∈ [0, 1]. For each
n < ω,
ψ(1/22n) ≥ δ/K2 · ψ(1/2n).
Set g(x) = xαψ(x) for x ∈ [0, 1], then Ef = Eg. Since ϕ(1/2) > 0 and ψ is
increasing, we have ψ(x) > 0 for x > 0. To show Eg is an equivalence relation, by
Proposition 3.1, we need only to check (R1) and (R2).
For (R1), g(0) = 0 is trivial.
For (R2), let x, y ∈ [0, 1] with x + y ∈ [0, 1]. Without loss of generality, we can
assume that x ≥ y > 0. Since g(x) = xαψ(x) is increasing, we have
g(x) ≤ g(x+ y) ≤ (g(x+ y) + g(y)).
If x > 1/8, then
g(x+ y) ≤ g(1) ≤
g(1)
g(1/8)
g(x) ≤
g(1)
g(1/8)
(g(x) + g(y)).
If x ≤ 1/8, let x ∈ (1/2n+1, 1/2n] for some n ≥ 3. Then
g(x+ y) ≤ g(2x) ≤ g(1/2n−1) =
1
2(n−1)α
ψ(1/2n−1),
and
g(x) ≥ g(1/2n+1) ≥
1
2(n+1)α
ψ(1/22n−2) ≥
δ
2(n+1)α ·K2
ψ(1/2n−1).
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Therefore
g(x+ y) ≤
4αK2
δ
(g(x) + g(y)).
Let C = max{g(1)/g(1/8), (4αK2)/δ}, then g(x+y) ≤ C(g(x)+g(y)). Therefore
(R2) holds and Eg is an equivalence relation, so Ef is an equivalence relation as
well.
For (A1), fix a 0 < ε < min{1/(2ψ(1)), δ
2/(2K4ψ(1))}. For x, y ∈ [0, 1] and
n ≥ 2, we show if x > y/2n+1, then
ψ(x) > εψ(y)ψ(1/2n).
If y = 0, then εψ(0)ψ(1/2n) ≤ εψ(0)ψ(1) ≤ ψ(0)/2 < ψ(x).
If y > 0, let y ∈ (1/2m+1, 1/2m] for some m ∈ ω, then x > 1/2m+n+2. Without
loss of generality, we can assume m ≥ n, then
ψ(1/2m)ψ(1/2n) ≤ K2/δ · ψ(1/22m)ψ(1/2n) ≤ K2/δ · ψ(1/2m+n)ψ(1).
Therefore
εψ(y)ψ(1/2n) ≤ εψ(1/2m)ψ(1/2n) ≤ (εK2)/δ · ψ(1)ψ(1/2m+n)
≤ (εK4)/δ2 · ψ(1)ψ(1/22m+2n) ≤ (εK4)/δ2 · ψ(1)ψ(1/2m+n+2)
< ψ(x).
So ψ satisfies condition (A1) in Theorem 3.2. Let ε
′ = ε/K3, for x, y ∈ [0, 1] and
n ≥ 2, if ϕ(x) ≤ ε′ϕ(y)ϕ(1/2n), then ψ(x) ≤ εψ(y)ψ(1/2n), hence x ≤ y/2n+1,
therefore ϕ satisfies condition (A1) in Theorem 3.2. 
The next theorem is a reducibility result for Ef ’s given in [12] . The original
version in the Real Analysis Exchange contains an error, and the revised version
in his homepage(http://www.renyi.hu/~matrait/) has corrected this error by
adding condition (3.3).
Theorem 3.4 (Ma´trai [12], Theorem 16). Let f, g : [0, 1]→ R+ be continuous es-
sentially increasing functions such that Ef and Eg are equivalence relations. Sup-
pose there exists a function κ : {1/2i : i < ω} → [0, 1] satisfying the recursion
(3.1) f(1/2n) =
n∑
i=0
g(κ(1/2i)/2n−i) (n < ω)
such that for some L ≥ 1,
(3.2)
∞∑
i=n
g(κ(1/2i)) ≤ L
n∑
i=0
g(κ(1/2i)/2n−i) (n < ω)
and
(3.3) κ(1/2n) ≤ L ·max{κ(1/2i)/2n−i : i < n} (n < ω).
Then Ef ≤B Eg.
Mostly, we focus on equivalence relations Ef ,Eg where f(x) = x
αϕ(x) and
g(x) = xαψ(x) for x ∈ [0, 1]. Set κ(1/2n) = µ(n)/2n, then 0 ≤ µ(n) ≤ 2n for each
n < ω and (3.1), (3.2), (3.3) turn to:
(3.4) ϕ(1/2n) =
n∑
i=0
µ(i)αψ(µ(i)/2n) (n < ω),
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(3.5)
∞∑
i=0
µ(n+ i)α
2iα
ψ
(µ(n+ i)
2n+i
)
≤ L
n∑
i=0
µ(i)αψ
(µ(i)
2n
)
(n < ω),
(3.6) µ(n) ≤ L ·max
i<n
µ(i) (n < ω).
Then we have the following easy lemma. The idea of this lemma and Proposition
3.6 come from Corollary 29 of [12].
Lemma 3.5. Let 1 ≤ α < ∞ and ϕ, ψ : [0, 1] → R+, ϕ is essentially increasing
on [0, 1] and there is δ > 0 such that for each n < ω, ϕ(1/2n+1) ≥ δϕ(1/2n).
Set f(x) = xαϕ(x) and g(x) = xαψ(x) for x ∈ [0, 1], suppose f, g are continuous
essentially increasing on [0, 1] and Ef and Eg are equivalence relations. Assume
there is µ : ω → R+ satisfying µ(n) ≤ 2n for each n < ω and there is L ≥ 1 such
that for each n < ω, (3.5) and (3.6) hold. If
(3.7)
(
ϕ(1/2n)
)
n<ω
≈
( n∑
i=0
µ(i)αψ(µ(i)/2n)
)
n<ω
,
then Ef ≤B Eg.
Proof. Let θ : [0, 1]→ R+ with θ(0) = 0 and for each n < ω, define θ(1/2n) by
θ(1/2n) =
n∑
i=0
µ(i)αψ(µ(i)/2n),
then extend θ to be a continuous function on (0, 1] which is affine on [1/2n+1, 1/2n]
for n < ω, therefore (ϕ(1/2n))n<ω ≈ (θ(1/2n))n<ω , by Proposition 2.1, we have
(ϕ(x))x>0 ≈ (θ(x))x>0.
Set h(x) = xαθ(x) for x ∈ [0, 1], then (f(x))x∈(0,1] ≈ (h(x))x∈(0,1], since h(0) =
f(0) = 0, we have (f(x))x∈[0,1] ≈ (h(x))x∈[0,1], therefore h is an essentially increas-
ing function on [0, 1] and Eh is an equivalence relation with Ef = Eh.
Since ϕ is essentially increasing on [0, 1], we know ϕ is bounded, therefore θ is
bounded, so h is continuous at zero. Since θ is continuous on (0, 1], we know that
h is continuous on [0, 1], therefore h is an essentially increasing continuous function
on [0, 1]. By Theorem 3.4, we know Eh ≤B Eg, therefore Ef ≤B Eg. 
Now let us take a further research about when condition (3.7) can be satisfied.
Proposition 3.6. Let µ : ω → R+ with µ(n) ≤ 2n for each n < ω and ϕ, ψ :
[0, 1]→ R+, if
(3.8)
(
ϕ(1/2n)
)
n<ω
≈
(
ψ(1/2n)
n∑
i=0
µ(i)α
)
n<ω
and there is K ≥ 1 such that
(3.9) ψ(1/2n)/K ≤ ψ(µ(i)/2n) ≤ Kψ(1/2n) (0 ≤ i ≤ n < ω, µ(i) 6= 0),
then (3.7) in Lemma 3.5 holds.
Proof. Let C ≥ 1 witnesses for each n < ω,
ϕ(1/2n)/C ≤ ψ(1/2n)
n∑
i=0
µ(i)α ≤ Cϕ(1/2n).
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By (3.9), we have
1
KC
ϕ(1/2n) ≤
1
K
ψ(1/2n)
n∑
i=0
µ(i)α ≤
n∑
i=0
µ(i)αψ(µ(i)/2n)
≤ Kψ(1/2n)
n∑
i=0
µ(i)α ≤ KCϕ(1/2n).
so (3.7) holds. 
Since µ may not satisfy 0 ≤ µ(n) ≤ 2n for finitely many n, we need the following
proposition.
Proposition 3.7. Let µ : ω → R and ϕ, ψ : [0, 1] → R+ with ϕ(x), ψ(x) > 0 for
x > 0, if there exist n0 < ω such that for n ≥ n0, 0 ≤ µ(n) ≤ 2n and
(3.10)
(
ϕ(1/2n)
)
n≥n0
≈
(
ψ(1/2n)
n∑
i=0
µ(i)α
)
n≥n0
.
Suppose there is K ≥ 1 such that
(3.11) ψ(1/2n)/K ≤ ψ(µ(i)/2n) ≤ Kψ(1/2n) (n0 ≤ i ≤ n < ω, µ(i) 6= 0).
Let ν : ω → R+ with
ν(n) =
{
1, n < n0,
µ(n), n ≥ n0.
Then 0 ≤ ν(n) ≤ 2n for each n < ω and ν, ϕ, ψ satisfy (3.8) and (3.9) in Proposition
3.6.
Proof. From the definition of the ν, we know 0 ≤ ν(n) ≤ 2n for each n < ω.
If n < n0, since ν(n), ψ(1/2
n), ϕ(1/2n) > 0, there is K1 ≥ 1 such that for n < n0,
ϕ(1/2n)/K1 ≤ ψ(1/2
n)
n∑
i=0
ν(i)α ≤ K1ϕ(1/2
n).
If n ≥ n0, by (3.10), there is K2 ≥ 1 such that
ϕ(1/2n)/K2 ≤ ψ(1/2
n)
n∑
i=0
µ(i)α ≤ K2ϕ(1/2
n),
therefore
∑n0
i=0 µ(i)
α > 0, we can select K3 ≥ 1 such that
n0∑
i=0
µ(i)α/K3 ≤
n0∑
i=0
ν(i)α ≤ K3
n0∑
i=0
µ(i)α.
Hence for each n ≥ n0, we have
ψ(1/2n)
n∑
i=0
ν(i)α =ψ(1/2n)
( n0∑
i=0
ν(i)α +
n∑
i=n0+1
ν(i)α
)
≤ ψ(1/2n)
(
K3
n0∑
i=0
µ(i)α +
n∑
i=n0+1
µ(i)α
)
≤ K3ψ(1/2
n)
n∑
i=0
µ(i)α,
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similarly, we can get ψ(1/2n)
∑n
i=0 ν(i)
α ≥ (ψ(1/2n)
∑n
i=0 µ(i)
α)/K3, therefore
ϕ(1/2n)/K2K3 ≤ ψ(1/2
n)
n∑
i=0
ν(i)α ≤ K2K3ϕ(1/2
n).
Let C = max{K1,K2K3}, then for each n < ω,
ϕ(1/2n)/C ≤ ψ(1/2n)
n∑
i=0
ν(i)α ≤ Cϕ(1/2n),
so ν, ϕ, ψ satisfy condition (3.8) in Proposition 3.6. It is easy to see that ν, ϕ, ψ
satisfy condition (3.9) in Proposition 3.6. 
To satisfy condition (3.11) in Proposition 3.7, we give the following proposition.
Proposition 3.8. Let µ : ω → R, ψ : [0, 1] → R+ be functions. Suppose ψ is
essentially increasing on [0, 1] with ψ(1/2) > 0 and there is λ > 0 such that
(3.12) ψ(1/22n) ≥ λψ(1/2n) (n < ω).
Assume there are 0 ≤ ε < 1, n0 < ω with
(3.13) 2−εn ≤ µ(i) ≤ 2εn (n0 ≤ i ≤ n < ω, µ(i) 6= 0),
then there is K ≥ 1 such that
ψ(1/2n)/K ≤ ψ(µ(i)/2n) ≤ Kψ(1/2n) (n0 ≤ i ≤ n < ω, µ(i) 6= 0).
Proof. By Corollary 2.3, there is 0 < δ < 1 such that ψ(x)/δ ≥ ψ(x2) ≥ δψ(x)
for x ∈ [0, 1]. Let m < ω satisfying 1 − ε ∈ [1/2m+1, 1/2m]. If µ(i) 6= 0 with
n0 ≤ i ≤ n < ω, then
1
22n
≤
1
2(1+ε)n
≤
µ(i)
2n
≤
1
2(1−ε)n
≤
1
2n/2m+1
.
Since ψ is essentially increasing, there is C ≥ 1 such that ψ(x) ≤ Cψ(y) for 0 ≤
x ≤ y ≤ 1. Therefore for n0 ≤ i ≤ n < ω with µ(i) 6= 0, we have
ψ(µ(i)/2n) ≥ ψ(1/22n)/C ≥ δ/C · ψ(1/2n)
and
ψ(µ(i)/2n) ≤ Cψ(1/2n/2
m+1
) ≤ C/δ · ψ(1/2n/2
m
) ≤ · · · ≤ C/δm+1 · ψ(1/2n).
Set K = C/δm+1, then we get the conclusion. 
Corollary 3.9. Let µ : ω → R, ψ : [0, 1] → R+ be functions. Suppose ψ is
essentially increasing on [0, 1] with ψ(1/2) > 0 and there is λ > 0 such that
ψ(1/22n) ≥ λψ(1/2n) (n < ω).
If there are 0 ≤ ε < 1, n0 < ω,M ≥ 1 such that
1/M ≤ µ(i) ≤ 2εn (n0 ≤ i ≤ n < ω, µ(i) 6= 0),
then there is K ≥ 1 and n0 ≤ n1 < ω such that
ψ(1/2n)/K ≤ ψ(µ(i)/2n) ≤ Kψ(1/2n) (n1 ≤ i ≤ n < ω, µ(i) 6= 0).
Let 1 ≤ α < β < ∞ and ϕ : [0, 1] → R+, set f(x) = xαϕ(x) and g(x) = xβ
for x ∈ [0, 1], we give the following lemma to show the Borel reduction between Ef
and Eg.
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Lemma 3.10. Let 1 ≤ α < ∞ and ϕ : [0, 1] → R+ be continuous essentially
increasing with ϕ(x) > 0 for x > 0 and limn→∞ ϕ(1/2
n)/ϕ(1/2n+1) = 1. Set
f(x) = xαϕ(x) for x ∈ [0, 1], suppose Ef is an equivalence relation. Then for each
α < β <∞, we have Ef ≤B EIdβ .
Proof. Let λ = 2α−β . Fix a ε < min{1, 1/λ−1}, since limn→∞ ϕ(1/2n)/ϕ(1/2n+1) =
1, there is n0 < ω such that for n ≥ n0, we have 1−ε ≤ ϕ(1/2n)/ϕ(1/2n+1) ≤ 1+ε.
Denote M = max{ϕ(x) : x ∈ [0, 1]}, then M > 0.
Let ψ : [0, 1]→ R+ defined by
ψ(x) =
{
ϕ(1/2n0)/M, x ≥ 1/2n0,
ϕ(x)/M, x < 1/2n0.
It is easy to check that (ϕ(x))x∈[0,1] ≈ (ψ(x))x∈[0,1] and ψ is continuous essentially
increasing. Let C ≥ 1 witness that ψ(x) ≤ Cψ(y) for x ≤ y. Set g(x) = xαψ(x) for
x ∈ [0, 1], then Ef = Eg. To show Eg ≤B EIdβ , by Theorem 3.4, we only need to
find a function κ : {1/2i : i < ω} → [0, 1] and L ≥ 1 such that for each n < ω,
(i) g(1/2n) =
∑n
i=0(κ(1/2
i)/2n−i)β ;
(ii)
∑∞
i=n κ(1/2
i)β ≤ L
∑n
i=0(κ(1/2
i)/2n−i)β = Lg(1/2n);
(iii) κ(1/2n) ≤ L ·max{κ(1/2i)/2n−i : i < n}.
To satisfy (i), we have to define κ(1)β = g(1) ≤ 1 and for n > 0,
κ(1/2n)β = g(1/2n)− g(1/2n−1)/2β = (ψ(1/2n)− λψ(1/2n−1))/2nα.
For 0 < n ≤ n0,
κ(1/2n)β = (1− λ)/2nα · ϕ(1/2n0)/M ∈ (0, 1),
for n > n0,
κ(1/2n)β = (1− λ · ψ(1/2n−1)/ψ(1/2n)) · ψ(1/2n)/2nα
∈ (1 − λ(1 + ε), 1− λ(1 − ε)) · ψ(1/2n)/2nα ⊆ (0, 1).
Therefore κ(1/2n) is well defined.
From the definition of κ, we have κ(1/2n)β ≤ g(1/2n) = ψ(1/2n)/2nα for each
n < ω, therefore
∞∑
i=n
κ(1/2i)β ≤
∞∑
i=n
ψ(1/2i)/2iα ≤
∞∑
i=n
Cψ(1/2n)/2iα = C/(1− 2−α) · g(1/2n).
For (iii), if 0 < n ≤ n0 + 1, we can find L1 ≥ 1 easily such that κ(1/2n) ≤
L1 · κ(1/2n−1)/2; if n ≥ n0 + 2, then
κ(1/2n)β = (1− λψ(1/2n−1)/ψ(1/2n)) · ψ(1/2n)/2nα
≤ (1− λ(1 − ε)) · ψ(1/2n)/2nα
≤ (1− λ(1 − ε))/(1− ε) · ψ(1/2n−1)/2nα
≤ (1− λ(1 − ε))/((1− ε)(1 − λ(1 + ε)))
· (1 − λψ(1/2n−2)/ψ(1/2n−1))ψ(1/2n−1)/2nα
= (1− λ(1 − ε))/(2(1− ε)(1− λ(1 + ε))) · κ(1/2n−1)β .
Let L = max{C/(1−2−α), L1, 2[(1−λ(1−ε))/(2(1−ε)(1−λ(1+ε)))]1/β}, then
(ii) and (iii) are satisfied. 
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4. Embeddings of P (ω)/Fin into [ℓα, ℓβ]
In this section we will establish our main theorem. First we define a sequence
on (0, 1] which has many nice properties.
Lemma 4.1. Let (δm)m<ω be a sequence on (0, 1) satisfying 0 < infm δm ≤
supm δm < 1 and (km)m<ω an increasing sequence on ω\{0, 1} satisfying km+1 ≥
2km for each m < ω. Define un by u0 = 1 and for n > 0,
un =
{
δmun−1, n = km,
un−1, otherwise.
Denote δ = infm δm and ∆ = supm δm. Then:
(i) For each m < ω, ukm =
∏
0≤i≤m δi, so if km ≤ n < km+1, then un =
ukm =
∏
0≤i≤m δi;
(ii) un ≥ un+1 for each n < ω and un → 0 as n→∞;
(iii) u2n ≥ δun for each n < ω.
Proof. To show (i), we do it by induction on m. If m = 0, then uk0 = δ0. Assume
for m = n, ukn =
∏
0≤i≤n δi, then for m = n+ 1,
ukn+1 = δn+1ukn+1−1 = δn+1ukn =
∏
0≤i≤n+1
δi,
therefore (i) holds. Since ∆ < 1, it is easy to see that (ii) is satisfied.
For (iii), if 2n < k0, then un = u2n = 1, otherwise there is m < ω such that
km ≤ 2n < km+1.
If m = 0, by (i), u2n = δ0 and un = 1 or un = δ0, therefore u2n ≥ δun. If m > 0,
then u2n = ukm and
km−1 ≤ n < km+1,
if n ≥ km, then un = ukm , otherwise un = ukm−1 , since ukm = δmukm−1 , therefore
u2n ≥ δun and (iii) is satisfied. 
If we select a subsequence (kml)l<ω of (km)m<ω, and define un by u0 = 1 and
un =
{
δmlun−1, n = kml ,
un−1, otherwise.
It is easy to see that (un)n<ω still satisfies (i)-(iii) in Lemma 4.1.
Now we are going to show that P (ω)/Fin can be embedded into the set of
Borel equivalence relations of Ef ’s. For l < ω, set a0 = 0 and for l > 0, let
al = al−1 + 1 + (l − 1)al−1. Set Il = [al, al+1) ∩ ω. Let (δm)m<ω be a sequence on
(0, 1) satisfying 0 < infm δm ≤ supm δm < 1 and (km)m<ω an increasing sequence
on ω\{0, 1} satisfying km+1 ≥ 2km for each m < ω. Denote δ = infm δm and
∆ = supm δm. For every U ∈ P (ω), set uU (0) = 1 and for each n > 0, define uU (n)
by:
uU (n) =
{
δmuU (n− 1), n = km,m ∈ Il, l ∈ U,
uU (n− 1), otherwise.
Then we have the following theorem:
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Theorem 4.2. Let α ≥ 1, for each U ∈ P (ω) and n < ω, let uU (n), In, an, kn, δn
and δ,∆ defined as above. Let ϕ : [0, 1]→ R+ be continuous essentially increasing
with ϕ(x) > 0 for x > 0, and there is λ > 0 such that ϕ(x2) ≥ λϕ(x) for x ∈ [0, 1].
For every U ∈ P (ω), let ϕU : [0, 1]→ R+ be a continuous increasing function with
ϕU (1/2
n) = uU (n) for each n < ω. Set fU (x) = x
αϕ(x)ϕU (x) for x ∈ [0, 1]. Then
EfU is an equivalence relation and for U, V ∈ P (ω), we have
U ⊆∗ V ⇐⇒ EfU ≤B EfV .
Proof. From Lemma 4.1 (iii), we have ϕU (1/2
2n) ≥ δϕU (1/2n) for each n < ω,
therefore
ϕ(1/22n)ϕU (1/2
2n) ≥ δλϕ(1/2n)ϕU (1/2
n),
since ϕϕU is an essentially increasing function on [0, 1] and ϕ(1/2)ϕU (1/2) > 0, by
Lemma 3.3, EfU is an equivalence relation.
For U, V ∈ P (ω), to show
U ⊆∗ V ⇐⇒ EfU ≤B EfV .
We only need to consider three cases.
Case 1: For U, V ∈ P (ω), if U ⊆∗ V and V ⊆∗ U , then EfU = EfV .
Since ϕ(x) is essentially increasing on [0, 1], there is C ≥ 1 such that ϕ(x) ≤
Cϕ(y) for 0 ≤ x ≤ y ≤ 1. For U, V ∈ P (ω), if U ⊆∗ V and V ⊆∗ U , then U, V
differ only by a finite set, so (uU (n))n<ω ≈ (uV (n))n<ω , therefore (fU (1/2n))n<ω ≈
(fV (1/2
n))n<ω .
From Lemma 4.1 (iii), for each 0 < n < ω, we have:
fU (1/2
n+1) = 1/2(n+1)α · ϕ(1/2n+1)ϕU (1/2
n+1)
≥ 1/(2(n+1)αC) · ϕ(1/22n)ϕU (1/2
2n)
≥ λδ/(2αC) · ϕ(1/2n)ϕU (1/2
n)/2nα
= λδ/(2αC) · fU (1/2
n),
for n = 0,
fU (1/2) = 1/2
α · ϕ(1/2) ≥ ϕ(1/2)/(ϕ(1)2α) · fU (1).
If x ∈ [1/2n+1, 1/2n] for some n < ω, then
fV (1/2
n+1)/C ≤ fV (x) ≤ CfV (1/2
n),
by Proposition 2.1, (fU (x))x∈(0,1] ≈ (fV (x))x∈(0,1]. Since ϕϕU , ϕϕV is an essentially
increasing function on [0, 1], therefore fU (0) = fV (0) = 0, so (fU (x))x∈[0,1] ≈
(fV (x))x∈[0,1] and EfU = EfV .
Case 2: For U, V ∈ P (ω), if U ⊆∗ V with |V \U | =∞, then EfU <B EfV .
Let U ′ = U ∩ V , then U ⊆∗ U ′, U ′ ⊆∗ U and |V \U ′| = ∞. From Case 1, we
know that EfU = EfU′ . Without loss of generality, we can assume U ⊆ V with
|V \U | =∞, then 1 ≥ uU (n) ≥ uV (n) > 0 for each n < ω.
Define µ : ω → R with µ(0) = 1 and for n > 0,
µ(n)α =
ϕU (1/2
n)
ϕV (1/2n)
−
ϕU (1/2
n−1)
ϕV (1/2n−1)
=
uU (n)
uV (n)
−
uU (n− 1)
uV (n− 1)
.
We are going to give several claims to prove Case 2.
Claim 1: µ(n) ≥ 0 for each n < ω and there exists n0 < ω such that for n ≥ n0,
if µ(n) 6= 0, then 1/∆− 1 ≤ µ(n)α ≤ 2n/2.
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Proof of Claim 1. If uU (n) = uU (n− 1), uV (n) = uV (n− 1) or uU (n) = δmuU (n−
1), uV (n) = δmuV (n− 1) for some m < ω, then µ(n) = 0.
If uU (n) = uU (n− 1), uV (n) = δmuV (n− 1) for some m < ω, then we have
µ(n)α ≥ (1/∆− 1) · (uU (n− 1)/uV (n− 1)) ≥ 1/∆− 1 > 0
and
µ(n)α ≤ (1/δm − 1)/uV (n− 1) = (1− δm)/uV (n).
Since uV (n) = δmuV (n − 1), there is l ∈ V such that m ∈ Il and n = km. Let
IV =
⋃
l∈V Il and assumem is the p-th number in IV , then p ≤ m+1. By induction
on m, we have km ≥ 2m+1 , so 2p ≤ km = n. From Lemma 4.1 (ii), we have
1/uV (n) ≤ (1/δ)
p = 2p log2(1/δ) ≤ nlog2(1/δ),
therefore µ(n)α ≤ nlog2(1/δ)(1− δ). So there exists n0 < ω such that for n ≥ n0, if
µ(n) 6= 0, then
1/∆− 1 ≤ µ(n)α ≤ 2n/2.
 Claim 1
Claim 2: There exist K0 ≥ 1 and n1 ≥ n0 such that for n ≥ n1, we have
0 ≤ µ(n) ≤ 2n and µ, ϕϕU , ϕϕV satisfy the following requirements:
(i) (ϕ(1/2n)ϕU (1/2
n))n≥n1 ≈ (ϕ(1/2
n)ϕV (1/2
n)
∑n
i=0 µ(i)
α)n≥n1 ,
(ii) ϕ(1/2n)ϕV (1/2
n)/K0 ≤ ϕ(µ(i)/2n)ϕV (µ(i)/2n) ≤ K0 · ϕ(1/2n)ϕV (1/2n)
(n1 ≤ i ≤ n < ω, µ(i) 6= 0).
Proof of Claim 2. For each n < ω,
ϕ(1/2n)ϕV (1/2
n)
n∑
i=0
µ(i)α = ϕ(1/2n)ϕU (1/2
n),
so (i) holds.
For (ii) , if µ(i) 6= 0 with n0 ≤ i ≤ n < ω, then
1/∆− 1 ≤ µ(i)α ≤ 2n/2.
For each n < ω, we have
ϕ(1/22n)ϕV (1/2
2n) ≥ λδϕ(1/2n)ϕV (1/2
n).
Since ϕϕV is an essentially increasing function with ϕ(x)ϕV (x) > 0 for x > 0, by
Corollary 3.9, there exists K0 ≥ 1 and n1 ≥ n0 such that (ii) is satisfied.
 Claim 2
Let ν : ω → R+ with
ν(n) =
{
1, n < n1,
µ(n), n ≥ n1.
Then 0 ≤ ν(n) ≤ 2n for each n < ω and ν(0) = 1. By Proposition 3.7, we know
that there is K ≥ K0 such that(
ϕ(1/2n)ϕU (1/2
n)
)
n<ω
≈
(
ϕ(1/2n)ϕV (1/2
n)
n∑
i=0
ν(i)α
)
n<ω
and
1
K
ϕ(1/2n)ϕV (1/2
n) ≤ ϕ(ν(i)/2n)ϕV (ν(i)/2
n)(4.1)
≤ Kϕ(1/2n)ϕV (1/2
n) (0 ≤ i ≤ n < ω, ν(i) 6= 0).
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By Proposition 3.6, we have
(
ϕ(1/2n)ϕU (1/2
n)
)
n<ω
≈
( n∑
i=0
ν(i)αϕ(ν(i)/2n)ϕV (ν(i)/2
n)
)
n<ω
.
In Case 1, we have shown that for each n < ω,
fU (1/2
n+1) ≥ min{λδ/(2αC), ϕ(1/2)/(ϕ(1)2α)}fU (1/2
n),
therefore there is γ > 0 such that
ϕ(1/2n+1)ϕU (1/2
n+1) ≥ γϕ(1/2n)ϕU (1/2
n).
Since fU , fV , ϕϕU , ϕϕV are continuous essentially increasing functions on [0, 1] and
EfU ,EfV are equivalence relations. By Lemma 3.5, to show EfU ≤B EfV , we only
have to check the following claim.
Claim 3: There is L ≥ 1 such that ν, ϕϕV satisfy the following requirements for
each n < ω:
(i)
∑∞
i=0
ν(n+ i)α
2iα
ϕ
(ν(n+ i)
2n+i
)
ϕV
(ν(n+ i)
2n+i
)
≤ L
∑n
i=0 ν(i)
αϕ
(ν(i)
2n
)
ϕV
(ν(i)
2n
)
,
(ii) ν(n) ≤ L ·maxi<n ν(i).
Proof of Claim 3. Set n2 = max{n1, k0}, for n ≥ n2, let l ∈ ω satisfying kal ≤ n <
kal+1 . If l ∈ U , or l ∈ ω\(U ∪ V ), or l ∈ V \U with n ≥ kal+1−2, then we choose
l′ ∈ V \U be the minimal natural number such that l′ > l. Set n′ = kal′+1, then
n′ ≥ 2n and
1/∆ · uU (n)/uV (n) ≤ uU (n
′)/uV (n
′) ≤ (1/δ)3 · uU (n)/uV (n).
If l ∈ V \U with n < kal+1−2, then there is p ∈ [al, al+1− 2)∩ω such that kp ≤ n <
kp+1. Since Il = [al, al+1)∩ω, we know that p+2 ∈ Il, let n′ = kp+2, then n′ ≥ 2n
and
1/∆ · uU (n)/uV (n) ≤ uU (n
′)/uV (n
′) ≤ (1/δ)2 · uU (n)/uV (n).
Therefore for n ≥ n2, we can select m ∈ ω with m ≥ n such that
1/∆ · uU (n)/uV (n) ≤ uU (n+m)/uV (n+m) ≤ (1/δ)
3 · uU (n)/uV (n).
Denote the left part of equation (i) by EQUnl , and the right part of equation (i)
by EQUnr (don’t contain L). Note that for n > 0, we have
uU (n)/uV (n) ≤ 1/δ · uU (n− 1)/uV (n− 1).
For n ≥ n1, if µ(n) 6= 0, then
1/∆− 1 ≤ µ(n)α = ν(n)α ≤ 2n/2.
By (4.1), we have
EQUnl ≤ K
∞∑
i=0
1
2iα
ν(n+ i)αϕ
( 1
2n+i
)
ϕV
( 1
2n+i
)
and
EQUnr ≥
1
K
ϕ(1/2n)ϕV (1/2
n)
n∑
i=0
ν(i)α.
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Therefore for n ≥ n2, we have
EQUnl ≤ K
∞∑
i=0
1
2iα
µ(n+ i)αϕ
( 1
2n+i
)
ϕV
( 1
2n+i
)
≤ KC
m∑
i=0
µ(n+ i)αϕ
( 1
2n
)
ϕV
( 1
2n
)
+KC
∞∑
i=m+1
1
2iα
2(n+i)/2ϕ
( 1
2n
)
ϕV
( 1
2n
)
≤
(uU (n+m)
uV (n+m)
−
uU (n− 1)
uV (n− 1)
+
2n/2
2m(α−1/2)(2(α−1/2) − 1)
)
KCϕ
( 1
2n
)
ϕV
( 1
2n
)
≤
(
(1/δ3 − δ)
uU (n)
uV (n)
+
1
2(α−1/2) − 1
)
KCϕ
( 1
2n
)
ϕV
( 1
2n
)
,
and
EQUnr ≥
(uU (n)
uV (n)
−
uU (n1 − 1)
uV (n1 − 1)
+ n1
)
ϕ(1/2n)ϕV (1/2
n)/K.
Since U ⊆ V and |V \U | =∞, we have uU (n)/uV (n)→∞ as n→∞, therefore
there is a natural number n3 ≥ n2 and a positive real number L1 ≥ 1 such that for
n ≥ n3,
(1/δ3 − δ)
uU (n)
uV (n)
+
1
2(α−1/2) − 1
≤ L1
(uU (n)
uV (n)
−
uU (n1 − 1)
uV (n1 − 1)
+ n1
)
.
For n2 ≤ n < n3, since uU (n)/uV (n) − uU (n1 − 1)/uV (n1 − 1) + n1 and (1/δ
3 −
1)uU (n)/uV (n) + 1/2
(α−1/2)−1 are positive, there is L2 ≥ 1 such that for n2 ≤ n <
n3,
(1/δ3 − δ)
uU (n)
uV (n)
+
1
2(α−1/2) − 1
≤ L2
(uU (n)
uV (n)
−
uU (n1 − 1)
uV (n1 − 1)
+ n1
)
.
Let L3 = max{L1CK2, L2CK2}, then for n ≥ n2,
EQUnl ≤ L3 · EQU
n
r .
For n < n2, we have
EQUnl =
n2−1∑
i=0
1
2iα
ν(n+ i)αϕ
(ν(n+ i)
2n+i
)
ϕV
(ν(n+ i)
2n+i
)
+
∞∑
i=0
1
2(n2+i)α
ν(n+ n2 + i)
αϕ
(ν(n+ n2 + i)
2n+n2+i
)
ϕV
(ν(n+ n2 + i)
2n+n2+i
)
≤
n2−1∑
i=0
1
2iα
ν(n+ i)αϕ
(ν(n+ i)
2n+i
)
ϕV
(ν(n+ i)
2n+i
)
+
L3
2n2α
n+n2∑
i=0
ν(i)αϕ
( ν(i)
2n+n2
)
ϕV
( ν(i)
2n+n2
)
.
It is easy to see that the right part of the formula is bounded, so there exists M > 0
such that EQUnl ≤Mϕ(1/2
n2)ϕV (1/2
n2) for each n < n2. Note that ν(0) = 1 and
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ϕ(x) ≤ Cϕ(y) for x ≤ y, therefore
EQUnl ≤Mϕ(1/2
n2)ϕV (1/2
n2)
≤MCν(0)αϕ
(ν(0)
2n
)
ϕV
(ν(0)
2n
)
≤MC
n∑
i=0
ν(i)αϕ
(ν(i)
2n
)
ϕV
(ν(i)
2n
)
= MC · EQUnr .
Let L0 = max{L3,MC}, then for each n < ω,
EQUnl ≤ L0 · EQU
n
r .
For (ii), if v(n) = 0, then ν(n) ≤ ν(0) = 1, if ν(n) 6= 0, then there is l ∈ V \U
and m ∈ Il with n = km. Set
Al =
{
l′ : l′ < l, l′ ∈ V \U, ∀m′ ∈ Il′ (km′ ≥ n1)
}
.
Without loss of generality, we can assume that l is large enough such that the set
Al 6= ∅
Let IV \U =
⋃
l∈V \U Il, choose m
′ to be the largest number in IV \U such that
m′ < m. More precisely, if m = al, then let l
′ be the largest number of Al and
m′ = al′+1 − 1, if m > al, let m′ = m− 1 ≥ al. Set n′ = km′ , then
ν(n)α = µ(n)α = uU (n− 1)/(δmuV (n− 1))− uU (n− 1)/uV (n− 1)
≤ (1/δ − 1)uU(n− 1)/uV (n− 1) = (1/δ − 1)uU (n
′)/uV (n
′)
= (1/δ − 1)uU(n
′ − 1)/(δm′uV (n
′ − 1))
≤ 1/δ · (1/δ − 1)uU(n
′ − 1)/uV (n
′ − 1)
and
ν(n′)α = µ(n′)α = uU (n
′ − 1)/(δm′uV (n
′ − 1))− uU (n
′ − 1)/uV (n
′ − 1)
≥ (1/∆− 1)uU (n
′ − 1)/uV (n
′ − 1).
Therefore ν(n)α ≤ ∆(1− δ)/(δ2(1−∆)) · ν(n′)α.
Set L = max{L0, (∆(1 − δ)/(δ2(1 −∆)))1/α}, then for each n < ω, (i) and (ii)
in Claim 3 hold.
 Claim 3
By Lemma 3.5, we have EfU ≤B EfV . EfV B EfU is an easy corollary of the
following Case 3. Therefore we have EfU <B EfV .
Case 3: For U, V ∈ P (ω), if |U\V | = ∞ and |V \U | = ∞, then EfU and EfV
are Borel incomparable.
For U ∈ P (ω) and n < ω, by Lemma 4.1 (iii), we have
ϕ(1/22n)ϕU (1/2
2n) ≥ λδϕ(1/2n)ϕU (1/2
n).
From Lemma 3.3, we know that ϕϕU , ϕϕV satisfies condition (A1) in Theorem 3.2.
Since 0 < δ = infm δm ≤ ∆ = supm δm < 1, there is a natural number p ≥ 1 such
that ∆p ≤ δ. By assumption, |U\V | = ∞ and |V \U | = ∞, we can choose two
strictly increasing sequences (ul)l<ω and (vl)l<ω such that for each l < ω,
(i) ul ∈ U\V and vl ∈ V \U ,
(ii) ul < vl < ul+1 and u0 ≥ p+ 1.
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From (ii), we know that ul ≥ p+ 1 + 2l and vl ≥ p+ 2 + 2l for each l < ω. Set
ml = aul+1 − 1, nl = avl+1 − 1 for each l < ω. Since aul+1 = aul + 1 + ulaul ,
therefore for each l < ω,
uU (kml)
uV (kml)
≤
∆ulaul
δaul
≤
∆(p+1+2l)aul
δaul
≤ (
∆p
δ
)aul ·∆2l ≤ ∆2l,
similarly, we have uV (knl)/uU (knl) ≤ ∆
2l for each l < ω. Let xl = 1/2
kml and
yl = 1/2
knl for l < ω, then
lim
l→∞
ϕU (xl)/ϕV (xl) = 0, lim
l→∞
ϕV (yl)/ϕU (yl) = 0.
So condition (A2)
′ in Theorem 3.2 holds, therefore, EfU and EfV are Borel incom-
parable.
Cases 1-3 show that P (ω)/Fin can be embedded into Ef ’s and we complete the
proof. 
Lemma 4.3. Let α ≥ 1, for each U ∈ P (ω) and n < ω, let uU (n), In, an, kn, δn
and δ,∆ defined as in Theorem 4.2. Let ϕU : [0, 1]→ R+ be continuous increasing
with ϕU (1/2
n) = uU (n) for each n < ω. Set fU (x) = x
αϕU (x) for x ∈ [0, 1]. Then
for each α < β <∞, we have
Rω/ℓα ≤B EfU ≤B R
ω/ℓβ.
Proof. From Theorem 4.2, we have
Ef∅ ≤B EfU ≤B Efω .
If U = ∅, then ϕU (1/2n) = 1 for n < ω, since ϕU is continuous increasing in
[0, 1], it follows ϕ∅ ≡ 1, therefore f∅(x) = x
α for x ∈ [0, 1], since Rω/ℓα and EIdα
are Borel equivalent, therefore Rω/ℓα ≤B EfU .
If U = ω, by the definition of (uU (n))n<ω , we know that uω(0) = 1 and for
n > 0,
uω(n) =
{
δmuω(n− 1), n = km,
uω(n− 1), otherwise.
Let Fω : R+ → R+ with Fω(0) = uω(0) and Fω(km) = uω(km) for each m < ω,
then extend Fω to R+ to be a continuous decreasing function which is affine on
[0, k0] and [km, km+1] for each m < ω.
Let ψω : [0, 1] → R+ with ψω(1/2n) = Fω(n) for each n < ω, and then extend
ψω to [0, 1] to be a continuous increasing function on [0, 1].
Let x0 = 1 and for n > 0, set xn = 1/2
kn−1, then ϕω(xn+1) ≥ δϕω(xn) for
each n < ω. Since ϕω(xn) = ψω(xn) for each n < ω, by Proposition 2.1, we have
(ϕω(x))x∈(0,1] ≈ (ψω(x))x∈(0,1]. Since ϕω, ψω are continuous increasing functions
on [0, 1] and they are equal at xn for each n < ω, therefore ϕω(0) = ψω(0) and
(ϕω(x))x∈[0,1] ≈ (ψω(x))x∈[0,1]. Let gω(x) = x
αψω(x) for x ∈ [0, 1], then Efω =
Egω .
For n ∈ [km, km+1),
ψω(1/2
n)− ψω(1/2
n+1) = F (n)− F (n+ 1) = (F (km)− F (km+1))/(km+1 − km),
therefore
ψω(1/2
n)− ψω(1/2n+1)
ψω(1/2n+1)
≤
uω(km)− uω(km+1)
uω(km+1)(km+1 − km)
=
1/δm+1 − 1
km+1 − km
≤
1/δm+1 − 1
km
,
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since 0 < 1/δm+1 − 1 ≤ 1/δ − 1 for each m < ω and km →∞ as m→∞, we have
limn→∞(ψω(1/2
n)− ψω(1/2n+1))/ψω(1/2n+1) = 0, therefore,
lim
n→∞
ψω(1/2
n)/ψω(1/2
n+1) = 1,
using Lemma 3.10 we get that Egω ≤B EIdβ , therefore Efω ≤B R
ω/ℓβ. 
Theorem 4.2 and Lemma 4.3 give the following main theorem.
Theorem 4.4. For 1 ≤ p <∞ and U ∈ P (ω), there is a Borel equivalence relation
EU such that for any q > p, Rω/ℓp ≤B EU ≤B Rω/ℓq and for U, V ∈ P (ω), we
have
U ⊆∗ V ⇐⇒ EU ≤B EV .
It is well known that every Boolean algebra of size ≤ ω1 embeds into P (ω)/Fin.
So under CH (the continuum hypothesis), every partially ordered set of size at most
continuum embeds into P (ω)/Fin, which implies P (ω)/Fin is the most complicated
partially ordered set of size at most continuum. On the other hand, we know that
there is an antichain of size continuum in P (ω)/Fin under ZFC, therefore there
are continuum many incomparable Borel equivalence relations between Rω/ℓp and
Rω/ℓq for 1 ≤ p < q <∞.
Corollary 4.5. For 1 ≤ p < q <∞, there is a set of Borel equivalence relations
{Eξ : ξ ∈ {0, 1}
ω}
such that Rω/ℓp ≤B Eξ ≤B Rω/ℓq, and for distinct ξ, ζ ∈ {0, 1}ω, we have Eξ and
Eζ are Borel incomparable.
A direct proof to show there are continuummany incomparable Borel equivalence
relations between Rω/ℓ1 and Rω/ℓp for p > 1 can be founded in [6].
5. Further remarks
In this section we will compare the examples of equivalence relations in [12] with
what we have constructed in the last section .
In [12], for n < ω, Ma´trai defined tn : (0, 1]→ R+ by:
t0(x) = 1− log2(x), tn+1(x) = 1 + log2(tn(x)),
for η ∈ [0, 1)<ω, denote |η| the length of η, let lη : (0, 1]→ R+ defined by:
l∅(x) = 1, lη(x) =
∏
i<|η|
tηii .
For η 6= ∅, set 1/lη(0) = 0, then 1/lη is a continuous strictly increasing function on
[0, 1] with 1/lη(1) = 1. Ma´trai showed that (lη(x
2))x∈(0,1] ≈ (lη(x))x∈(0,1] and for
α ≥ 1, EIdα/lη is an equivalence relation.
Let p0 = 2 and for 0 < n < ω, pn = 2
pn−1 . For n < ω, let sn : (0, 1/pn] → R+
defined by:
s0(x) = − log2(x), sn+1(x) = log2(sn(x)),
then extend sn to (0, 1] by define sn(x) = sn(1/pn) for x ≥ 1/pn. We can show
that sn(x) ≥ 1 for x ∈ (0, 1] and sn(1/pn) = 1 for n < ω. For η ∈ [0, 1)<ω, let
l′η : (0, 1]→ R
+ defined by:
l′∅(x) ≡ 1, l
′
η(x) =
∏
i<|η|
sηii (x).
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Since limx→0 lη(x)/l
′
η(x) = 1 and lη, l
′
η are continuous on [0, 1] with lη(x), l
′
η(x) > 0
for x > 0, therefore (lη(x))x∈(0,1] ≈ (l
′
η(x))x∈(0,1]. From (lη(x
2))x∈(0,1] ≈ (lη(x))x∈(0,1],
we get (l′η(x
2))x∈(0,1] ≈ (l
′
η(x))x∈(0,1]. For η 6= ∅, set 1/l
′
η(0) = 0, then 1/l
′
η is a
continuous strictly increasing function on [0, 1/2] with 1/l′η(x) = 1 for x ≥ 1/2.
Let k0(m) = 2
m+1 for each m < ω and for i < ω, let ki+1(m) = 2
ki(m).
For ∅ 6= η ∈ [0, 1)<ω, let j0 to be the minimum natural number with ηj0 6=
0, set kηm = kj0(m) for each m < ω, set δ
η
0 = 1/l
′
η(1/2
kη
0 ) < 1 and δηm =
l′η(1/2
kηm−1)/l′η(1/2
kηm) < 1 for m > 0. Since
δηm =
(2m)ηj0 (m)ηj0+1 · · · (s|η|−1(1/2
kηm−1))η|η|−1
(2m+1)ηj0 (m+ 1)ηj0+1 · · · (s|η|−1(1/2k
η
m))η|η|−1
form large enough, therefore limm→∞ δ
η
m = (1/2)
ηj0 and 0 < infm δ
η
m ≤ supm δ
η
m <
1. Define uηn by u
η
0 = 1 and for n > 0,
uηn =
{
δηmu
η
n−1, n = k
η
m,
uηn−1, otherwise.
Let ϕη : [0, 1] → R+ be continuous increasing with ϕη(1/2n) = uηn. Let x0 =
1 and for n > 0, set xn = 1/2
kηn−1, then ϕη(xn) = 1/l
′
η(xn) and ϕη(xn+1) ≥
(infm δ
η
m)ϕη(xn) for each n < ω, by Proposition 2.1, we have (ϕη(x))x∈(0,1] ≈
(1/l′η(x))x∈(0,1]. Since ϕη, 1/l
′
η are continuous increasing on [0, 1] and they are
equal at xn for each n < ω, we have ϕη(0) = 1/l
′
η(0), therefore (ϕη(x))x∈[0,1] ≈
(1/l′η(x))x∈[0,1] ≈ (1/lη(x))x∈[0,1], which implies EIdα/lη belong to the equivalence
relations we have constructed in the last section.
Let <lex denote the lexicographical order, Ma´trai gave the following lemma.
Lemma 5.1 (Ma´trai [12], Corollary 30). For every 1 ≤ α < β < ∞ and η, η′ ∈
[0, 1)<ω with η <lex η
′,
Rω/ℓα <B EIdα/lη <B EIdα/lη′ <B R
ω/ℓβ.
We would like to give a different proof here.
Proof. From the analysis above and Theorem 4.2, we know that Rω/ℓα <B EIdα/lη .
Since η <lex η
′, set j0 to be the minimum j with η(j) < η
′(j)(if |η| < |η′|, we can
extend η to length |η′| by setting η(j) = 0 for j ≥ |η|, we do the same if |η′| < |η|).
Let f(x) = xα/l′η(x) and g(x) = x
α/l′η(x) · l
′
η(x)/l
′
η′(x) for x ∈ [0, 1]. For i,m < ω,
let ki(m) defined as above. Since
l′η(x)/l
′
η′(x) =
1
(sj0(x))
η′(j0)−η(j0) · · ·
and limx→0 l
′
η(x)/l
′
η′(x) = 0, there is m0 < ω such that for x ≤ 1/2
kj0(m0),
l′η(x)/l
′
η′(x) is strictly increasing with l
′
η(x)/l
′
η′(x) ≤ 1/2. For x > 0, l
′
η(x)/l
′
η′(x) > 0,
therefore l′η(x)/l
′
η′(x) is essentially increasing on [0, 1]. Let km = kj0(m0 +m) for
each m < ω. Set δ0 = l
′
η(1/2
k0)/l′η′(1/2
k0) < 1 and for m > 0,
δm = l
′
η(1/2
km)l′η′(1/2
km−1)/l′η(1/2
km−1)l′η′(1/2
km) < 1.
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It is easy to check that limm→∞ δm = (1/2)
η′j0−ηj0 and 0 < infm δm ≤ supm δm <
1. Define un by u0 = 1 and for n > 0,
un =
{
δmun−1, n = km,
un−1, otherwise.
Let ϕ : [0, 1] → R+ be continuous increasing with ϕ(1/2n) = un. From
Theorem 4.2, we have EIdα/l′η <B EIdαϕ/l′η . Let x0 = 1 and for n > 0, set
xn = 1/2
kn−1, then ϕ(xn) = l
′
η(xn)/l
′
η′(xn)
and ϕ(xn+1) ≥ (infm δ
η
m)ϕ(xn) for
each n < ω. By Proposition 2.1, we have (ϕ(x))x∈(0,1] ≈ (l
′
η(x)/l
′
η′(x))x∈(0,1],
since ϕ, l′η/l
′
η′ are continuous increasing on [0, 1/2
k0] and they are equal at xn for
0 < n < ω, then ϕ(0) = l′η(0)/l
′
η′(0) and (ϕ(x))x∈[0,1] ≈ (l
′
η(x)/l
′
η′(x))x∈[0,1], there-
fore EIdα/lη = EIdα/l′η <B EIdα/l′η′ = EId
α/lη′
.
Since limn→∞ ℓη(1/2
n)/ℓη(1/2
n+1) = 1, using Lemma 3.10 we get EIdα/lη ≤B
Rω/ℓβ. As EIdα/lη <B EIdα/lη′ for η <lex η
′, it follows that the reduction is
strictly. 
In the end, for η, η′ ∈ [0, 1)<ω with η <lex η′, we show that P (ω)/Fin can be
embedded into Borel equivalence relations between EIdα/lη and EIdα/lη′ .
For l < ω, let al, Il are defined as in Theorem 4.2. For i,m < ω, let ki(m) defined
as above. Set j0 to be the minimum j with η(j) < η
′(j). Let km = kj0(m) for each
m < ω and δ < 1 satisfying δ > 2η(j0)−η
′(j0), then log2 1/δ < η
′(j0) − η(j0), for
every U ∈ P (ω), set uU (0) = 1 and for each n > 0, define uU (n) by:
uU (n) =
{
δuU (n− 1), n = km,m ∈ Il, l ∈ U,
uU (n− 1), otherwise.
Then we have the following Theorem. This theorem together with Lemma 5.1 give
a concrete description about Theorem 4.4.
Theorem 5.2. Let α ≥ 1 and η, η′ ∈ [0, 1)<ω with η <lex η′, for each U ∈ P (ω)
and n < ω, let uU (n), In, an, kn, δ are defined as above. Let ϕU : [0, 1] → R+
be continuous increasing with ϕU (1/2
n) = uU (n) for each n < ω. Set fU (x) =
xαϕU (x)/lη(x) for x ∈ [0, 1]. Then for each U, V ∈ P (ω),
U ⊆∗ V ⇐⇒ EfU ≤B EfV
and
EIdα/lη ≤B EfU <B EIdα/lη′ .
Proof. From Theorem 4.2, we have EfU is an equivalence relation and for each
U, V ∈ P (ω),
U ⊆∗ V ⇐⇒ EfU ≤B EfV
and
EIdαϕ∅/lη ≤B EfU ≤B EIdαϕω/lη .
If U = ∅, then ϕU (1/2n) = 1 for n < ω, since ϕU is continuous increasing in
[0, 1], it follows ϕ∅ ≡ 1.
If U = ω, by Lemma 4.1 (i), we have uω(kn) = δ
n+1 for n < ω, therefore
ϕω(1/2
kn) = δn+1.
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Let xn = 1/2
kn , then n = sj0+1(xn)− 1, therefore
ϕω(xn) = δ
n+1 = δsj0+1(xn)−1+1 = 2sj0+1(xn) log2 δ
= (sj0(xn))
log2 δ = 1/sj0(xn)
log2(1/δ).
Since ϕω(xn+1) = δϕω(xn) and ϕω(x0) = δϕω(1), by Proposition 2.1 we have
(ϕω(x))x∈(0,1] ≈ (1/sj0(x)
log2(1/δ))x∈(0,1]. Note that ϕω, 1/s
log2(1/δ)
j0
are contin-
uous increasing functions and they are equal at xn for each n < ω, therefore
ϕω(0) = 1/sj0(0)
log2(1/δ) = 0 and (ϕω(x))x∈[0,1] ≈ (1/sj0(x)
log2(1/δ))x∈[0,1] ≈
(1/tj0(x)
log2(1/δ))x∈[0,1].
Since Idα/lη = Id
αϕ∅/lη, we have EIdα/lη ≤B EfU for each U ∈ P (ω).
Let η0 ∈ [0, 1)<ω be the same length with η, set η0 by η0(j) = η(j) for j 6= j0,
and η0(j0) = η(j0)+ log2(1/δ), since log2 1/δ < η
′(j0)− η(j0) by the choice of δ, we
know η0 <lex η
′. Since (ϕω(x)/lη(x))x∈[0,1] ≈ (1/lη(x) · 1/tj0(x)
log2(1/δ))x∈[0,1] =
(1/lη0(x))x∈[0,1] and EIdα/lη0 <B EIdα/lη′ by Corollary 5.1, therefore EfU ≤B
EIdα/lη0 <B EIdα/lη′ . 
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